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ABSTRACT

This paper re-examines the definition of partial di-
rected coherence (PDC) which was recently introduced
as a linear frequency-domain quantifier of the multivari-
ate relationship between simultaneously observed time
series for application in functional connectivity inference
in neuroscience. The present reappraisal aims at im-
proving PDC’s performance under scenarios that involve
severely unbalanced predictive modelling errors (innova-
tions noise). The present modification turns out to be
more robust in estimating imprecisions associated with
finite time series samples.

Index Terms— Neural connectivity, Granger Causal-
ity, partial directed coherence, hypothesis testing, vari-
ance stabilization

1. INTRODUCTION

In [1], we introduced partial directed coherence (PDC)
as a frequency domain description of the directed linear
relationship between pairs of time series xi(n) and xj(n)
when observed in conjunction with a set of other time se-
ries. The main motivation for PDC’s introduction was its
potential in disclosing crucial aspects of functional con-
nectivity in neuroscience due to the central role played
by neural rhythms (α, β, γ, etc) that are of paramount
physiologic relevance [2]. Functional connectivity issues
are important in neuroscience because they offer the pos-
sibilty of describing the dynamics of the interrelations be-
tween neural structures directly from the measurement
of neuroelectric data [3, 4].

Conceptually, PDC is a generalization to the case of
multiple time-series of Saito and Harashima’s ’directed
coherence’ (DC) [5] which was also introduced in the
context of analysing neural data and which was aimed
at pinpointing the direction of information flow between
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isolated pairs of time series in a frequency domain repre-
sentation of the notion of Granger Causality [6] (whereby
a time-series x2(n) is said to Granger cause x1(n) if con-
sideration of x2(n)’s past implies significant improvement
in the mean-squared prediction error x1(n)) to the sce-
nario when more than just pairs of time series are simul-
taneously analyzed. PDC is not the only generalization
of DC to multiple time series [7, 8] (see [9] for a com-
parison). However, because PDC is based on the notion
of partial coherence [10] its chief property is to provide
a description of the mutual interaction between pairs of
time series after deducting the effect of other simultane-
ously observed time series. As such, PDC’s interest is
heavily associated with highlighting the direct interac-
tion between time series pairs that cannot be attributed
to the evolution of other simultaneously observed series.

If one assumes that a set of simultaneously observed
time series

x(n) = [x1(n) . . . xN (n) ]T

is adequately represented by a Multivariate Autoregres-
sive Model of order p:

x(n) =
p∑

k=1

Akx(n − k) + w(n) (1)

where Ak comprise the coefficients aij(k) that relate the
ijseries at lag k (describing the interactions between time
series pairs over time) and where

w(n) = [w1(n) . . . wN (n)]T

is the vector of model innovations (zero mean and with
covariance matrix Σw) leading to PDC expressed as [1]:

πij(f) =
Āij(f)√

N∑
k=1

Ākj(f)Ā∗
kj(f)

(2)

where f is the normalized frequency in the interval [−.5, .5]
where

Āij(f) = δij −
p∑

k=1

aij(k)e−2jπfk, (3)



for δij = 1 whenever i = j and δij = 0 otherwise and
j =

√−1.
The central problem in connectivity analysis is to ex-

amine the hypothesis

H0 : πij(f) = 0, (4)

which, if rejected, implies the existence of a direct con-
nection leaving xj(n) to xi(n) that cannot be explained
by other simultaneously observed time series. This hap-
pens because aij(k) �= 0 must also hold at least for some
1 ≤ k ≤ p. In fact, likelihood ratio tests over aij(k)
form the core of time domain approaches to connectivity
appraisal under the notion of Granger Causality [8, 11].

For the remainder of this discussion, it may be useful
to keep in mind that Granger Causality is not reciprocal
since aij(k) = 0 does not imply aji(k) = 0, and that it is
this lack of reciprocity that allows detection of possibly
uni/bidirectional interactions and allows one to speak of
directional connectivity.

In proposing PDC, we intended to provide a frequency
domain description that decoupled interactions rooted in
the sole effect of the past of the interacting time series,
upon which Granger Causality [11] rests, from interac-
tions of instantaneous nature (also known as Granger
instantaneous causality [11] which are imposed by the
off-diagonal terms of Σw. This lead to definition (2)
forsaking Σw. This was actually in a simplification of
a prior development which considered functions of Σw’s
terms as possible weighing functions for Āij(f) in alter-
natives to (2) (described as PDC factor in [1]). At the
time PDC was introduced, [1], the use of weighing terms
in (2) lacked what now is the clear motivation considered
herein.

This paper proceeds by examining a simple case where
accuracy issues make the use of weighing functions essen-
tial and lead to a natural generalized definition for PDC
that shares the important property of scale invariance
that also characterizes some other common measures of
mutual interaction like ordinary coherence and partial
coherence.

2. MOTIVATING EXAMPLE

The case in point can be illustrated via the following
simple model[

x(n)
y(n)

]
=

[
a11 a12

0 a22

] [
x(n − 1)
y(n − 1)

]
+

[
wx(n)
wy(n)

]
(5)

whose Granger causality structure is such that y(k) causes
x(k) since a12 �= 0 but not otherwise. In other words, this
is so because the past of y(n) influences x(n) but not the
other way round. Obviously, this should be true regard-
less of the ”units” of either series, or of whether they are

subject to static gains, i. e., if y(n) is amplified by α,
one would have

αy(n) = a22αy(n − 1) + αwy(n) (6)

whence

x(n) = a11x(n − 1) +
a12

α
u(n − 1) + wx(n) (7)

for u(n) = αy(n), which leaves the causality structure
strictly unaltered.

Yet, as a simple calculation of PDC, as defined in (2),
reveals:

|πxu(f)|2 =

∣∣∣a12

α

∣∣∣2
|(1 − a22ej2πf )|2 +

∣∣∣a12

α

∣∣∣2 → 0 (8)

as α grows. This means that rejection of the null hy-
pothesis of lack of Granger causality from u(n) to x(n),
i.e. being able to reject a12 = 0, requires statistically
reliable computations whose inherent variance needs to
be lower than the absolute value of∣∣∣a12

α

∣∣∣2
itself. This dependence on time series dynamic ranges
as modified by gains obscures PDC’s ability to correctly
pinpoint the direction of information flow.

To remedy this, we propose the following simple mod-
ified version of PDC for this case:

∣∣∣π(w)
xu (f)

∣∣∣2 =

σ2
u

σ2
x

∣∣∣a12

α

∣∣∣2
|1 − a22ej2πf |2 +

σ2
u

σ2
x

∣∣∣a12

α

∣∣∣2 (9)

which is invariant to eventual gains affecting y(n) as σu =
ασy leads to

∣∣∣π(w)
12 (f)

∣∣∣2 =

1
σ2

1

a2
12

1
σ2

2

|1 − a22ej2πf |2 +
1
σ2

1

|a12|2
(10)

where the use of σ2
i refers to the variances of the innova-

tions processes wi(n).

3. THE GENERALIZED DEFINITION

To circumvent the numerical problem associated with
time series scaling, we define the new partial directed
coherence estimator as:

π
(w)
ij (f) =

1
σi

Āij(f)√
N∑

k=1

1
σ2

k

Ākj(f)Ā∗
kj(f)

(11)



Table 1. Number of realizations in which |PDC12|2 ≥
0.1 is a function of time series lengths (ns) for both un-
altered (first 2 columns) and pre-normalized signals (last
2 columns indicated by an overbar)

ns PDC12 PDC
(w)
12 PDC12 PDC

(w)

12

128 30 2 20 0
256 7 0 4 0
512 9 0 9 0
1024 8 0 20 0

whence it follows that∣∣∣π(w)
ij (f)

∣∣∣2 ≤ 1. (12)

and
N∑

i=1

∣∣∣π(w)
ij (f)

∣∣∣2 = 1 (13)

Note that the new definition (11) preserves the nor-
malizations (12,13) that also hold for the original PDC
definition (2) (see [1]).

3.1. Numerical Illustration

As an example, consider the following first order model
where a21(1) = 0 implies absence of Granger causality
from x1(n) to x2(n) and while all other parameters equal
.5 but where innovations covariance matrix Σw is diago-
nal with distinct variance values: σ2

1 = 1 and σ2
2 = 10.

Use of the original definition of PDC in (2) is con-
trasted (Fig. 1a) to that of the present weighted PDC
generalization in (11) (Fig. 1b) which is readily seen as
having much smaller variability under the null hypothe-
sis of lack of Granger causality. The results are for 100
simulated realizations comprising ns = 128 time samples.

4. DISCUSSION

It has been suggested that prior normalization of xi(k) by
their variances (before model estimation) could be used
to circumvent the dynamic range effect that motivated
the generalization suggested in (11). This is clearly not
the case as observed in Table 1, where little improvement
is observed if pre-normalized time series data are used in
lieu of raw data. Because PDC(w) is invariant to scale,
(see Fig. 2), prior time series data normalization results
essentially superfluous.

One of the main advantages of PDC(w) is its hugely
reduced variability vis-à-vis PDC for short time series
(Table 1). This implies increased power when testing for
Granger causality; this may be key for models involving
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Fig. 1. (a) Illustration of the originally defined PDC
as a function of frequency f for 100 time series realiza-
tions of ns = 128 data points in a test of lack of Granger
causality from x1(n) to x2(n) under the condition of dis-
tinct innovations noise variances described in Section 3.1
and (b) PDC(w) variability for the same data as in (a).



many time series which to some extent are always sub-
ject to model misspecification, at least for some of the
variables involved, resulting in distinct estimated inno-
vations noise variances.
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Fig. 2. Comparison between PDC and PDC(w) with
and without time-series data pre-normalization.

In conclusion what (11) achieves is an instance of vari-
ance stabilization of the frequency domain representation
of Granger causality via PDC. This fact can be shown to
be of extreme importance in bootstrap-based approaches
to testing for connectivity (4) (see [12]) as until very re-
cently no knowledge of the asymptotic distribution of
the original PDC (2) was available [13, 14] whose devel-
opments can be easily generalized to include (11) using
the methods described in [14].

One should note that variance stabilization of the
present kind is also observed when DTF (directed trans-
fer function introduced by [7]) is replaced by the variance
weighted version proposed in [8].
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“Connectivity inference via partial directed coher-
ence: Asymptotic results.,” Journal of Applied
Statistics, p. In Press, 2006.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


